
Multivariable Calculus Homework #1

Replace this text with your name

Due: Replace this text with a due date

Exercise (12.1.21). (a) Prove that the midpoint of the line segment from
P1(x1, y1, z1) to P2(x2, y2, z2) is(

x1 + x2
2

,
y1 + y2

2
,
z1 + z2

2

)
.

(b) Find the lengths of the medians of the triangle with vertices A(1, 2, 3),
B(−2, 0, 5), and C(4, 1, 5). (A median of a triangle is a line segment
that joins a vertex to the midpoint of the opposite side.)

Solution: Replace this text with your solution. �

Exercise (12.1.23). Find equations of the spheres with center (2,−3, 6) that
touch (a) the xy-plane, (b) the yz-plane, (c) the xz-plane.

Solution: Replace this text with your solution. �

Exercise (12.1.38). Describe in words the region of R3 represented by the
inequality x2 + y2 + z2 > 2z.

Solution: Replace this text with your solution. �

Exercise (12.1.41). Write an inequality to describe the region consisting of
all points between (but not on) the spheres of radius r and R centered at the
origin, where r < R.

Solution: Replace this text with your solution. �

Exercise (12.1.46). Find the volume of the solid that lies inside both of the
spheres

x2 + y2 + z2 + 4x− 2y + 4z + 5 = 0

and
x2 + y2 + z2 = 4.

Solution: Replace this text with your solution. �
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Exercise (12.2.21). If a = 4i− 3j+ 2k and b = 2i− 4k, find a+b, 4a+ 2b,
|a|, and |a− b|.

Solution: Replace this text with your solution. �

Exercise (12.2.26). Find the vector that has the same direction as 〈6, 2,−3〉
but has length 4.

Solution: Replace this text with your solution. �

Exercise (12.2.29). If v lies in the first quadrant and makes an angle π/3
with the positive x-axis and |v| = 4, find v in component form.

Solution: Replace this text with your solution. �

Exercise (12.2.37). A block-and-tackle pulley hoist is suspended in a ware-
house by ropes of lengths 2 m and 3 m. The hoist weighs 350 N. The ropes,
fastened at different heights, make angles of 50◦ and 38◦ with the horizontal.
Find the tension in each rope and the magnitude of each tension.
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 38.  The tension T at each end of a chain has magnitude 25 N (see 
the figure). What is the weight of the chain?

37° 37°

 39.  A boatman wants to cross a canal that is 3 km wide and wants 
to land at a point 2 km upstream from his starting point. The 
current in the canal flows at 3.5 kmyh and the speed of his boat 
is 13 kmyh.

 (a)  In what direction should he steer?
 (b) How long will the trip take?

 40.  Three forces act on an object. Two of the forces are at an angle 
of 100° to each other and have magnitudes 25 N and 12 N. The 
third is perpendicular to the plane of these two forces and has 
magnitude 4 N. Calculate the magnitude of the force that would 
exactly counterbalance these three forces.

 41.  Find the unit vectors that are parallel to the tangent line to the 
parabola y − x 2 at the point s2, 4d.

 42. (a)  Find the unit vectors that are parallel to the tangent line to 
the curve y − 2 sin x at the point s!y6, 1d.

 (b)  Find the unit vectors that are perpendicular to the tangent 
line.

 (c)  Sketch the curve y − 2 sin x and the vectors in parts (a)  
and (b), all starting at s!y6, 1d.

 43.  If A, B, and C are the vertices of a triangle, find 

AB
l

1 BC
l

1 CA
l

 44.  Let C be the point on the line segment AB that is twice as far 
  from B as it is from A. If a − OA

l
, b − OB

l
, and c − OC

l
, show 

  that c − 2
3 a 1 1

3 b.

 45. (a)  Draw the vectors a − k3, 2l, b − k2, 21l, and c − k7, 1l.
 (b)  Show, by means of a sketch, that there are scalars s and t 

such that c − sa 1 tb.
 (c) Use the sketch to estimate the values of s and t.
 (d) Find the exact values of s and t.

 46.  Suppose that a and b are nonzero vectors that are not parallel 
and c is any vector in the plane determined by a and b. Give  
a geometric argument to show that c can be written as 
c − sa 1 tb for suitable scalars s and t. Then give an argu-
ment using components.

 47.  If r − kx, y, zl and r0 − kx0, y0, z0l, describe the set of all 
points sx, y, zd such that | r 2 r0 | − 1.

 48.  If r − kx, yl, r1 − kx1, y1l, and r2 − kx2, y2l, describe the  
set of all points sx, yd such that | r 2 r1 | 1 | r 2 r2 | − k, 
where k . | r1 2 r2 |.

 49.  Figure 16 gives a geometric demonstration of Property 2 of  
vectors. Use components to give an algebraic proof of this  
fact for the case n − 2.

32–33 Find the magnitude of the resultant force and the angle it 
makes with the positive x-axis.

 32. 
20 lb

16 lb

45°
0

y

x30°

 33. 

300 N

200 N

60°
0

y

x

 34.  The magnitude of a velocity vector is called speed. Suppose 
that a wind is blowing from the direction N45°W at a speed  
of 50 kmyh. (This means that the direction from which the 
wind blows is 45° west of the northerly direction.) A pilot is 
steering a plane in the direction N60°E at an airspeed (speed in 
still air) of 250 kmyh. The true course, or track, of the plane is 
the direction of the resul tant of the velocity vectors of the plane 
and the wind. The ground speed of the plane is the magnitude 
of the resultant. Find the true course and the ground speed of 
the plane.

 35.  A woman walks due west on the deck of a ship at 3 miyh. The 
ship is moving north at a speed of 22 miyh. Find the speed and 
direction of the woman relative to the surface of the water.

 36.  A crane suspends a 500-lb steel beam horizontally by support 
cables (with negligible weight) attached from a hook to each 
end of the beam. The support cables each make an angle of 60° 
with the beam. Find the tension vector in each support cable 
and the magnitude of each tension.

60° 60°

 37.  A block-and-tackle pulley hoist is suspended in a warehouse 
by ropes of lengths 2 m and 3 m. The hoist weighs 350 N. The 
ropes, fastened at different heights, make angles of 50° and 
38° with the horizontal. Find the tension in each rope and the 
magnitude of each tension.

50°
38°

2 m 3 m
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Solution: Replace this text with your solution. �

Exercise (12.2.43). If A, B, and C are the vertices of a triangle, find

−→
AB +

−−→
BC +

−→
CA.

Solution: Replace this text with your solution. �
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Exercise (12.3.26). Find the values of x such that the angle between the
vectors 〈2, 1,−1〉, and 〈1, x, 0〉 is 45◦.

Solution: Replace this text with your solution. �

Exercise (12.3.45). Show that the vector ortha b = b−proja b is orthogonal
to a. (It is called an orthogonal projection of b.)

Solution: Replace this text with your solution. �

Exercise (12.3.53). Use scalar projection to show that the distance from a
point P1(x1, y1) to the line ax+ by + c = 0 is

|ax1 + by1 + c|√
a2 + b2

.

Solution: Replace this text with your solution. �

Exercise (12.3.55). Find the angle between a diagonal of a cube and one of
its edges.

Solution: Replace this text with your solution. �

Exercise (12.3.61). Use Theorem 12.3.2 to prove the Cauchy-Schwarz In-
equality:

|a · b| ≤ |a||b|.

Solution: Replace this text with your solution. �
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Exercise (12.4.37). Use the scalar triple product to verify that the vectors
u = i + 5j− 2k, v = 3i− j, and w = 5i + 9j− 4k are coplanar.

Solution: Replace this text with your solution. �

Exercise (12.4.40). (a) A horizontal force of 20 lb is applied to the handle
of a gearshift lever as shown. Find the magnitude of the torque about
the pivot point P .

(b) Find the magnitude of the torque about P if the same force is applied
at the elbow Q of the lever.
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 41.  A wrench 30 cm long lies along the positive y-axis and grips a 
bolt at the origin. A force is applied in the direction k0, 3, 24 l 
at the end of the wrench. Find the magnitude of the force 
needed to supply 100 N ∙m of torque to the bolt.

 42.  Let v − 5 j and let u be a vector with length 3 that starts at  
the origin and rotates in the xy -plane. Find the maximum and 
minimum values of the length of the vector u 3 v. In what 
direction does u 3 v point?

 43.  If a ? b − s3  and a 3 b − k1, 2, 2 l, find the angle between a 
and b.

 44. (a)  Find all vectors v such that

k1, 2, 1 l 3 v − k3, 1, 25 l

 (b)  Explain why there is no vector v such that

k1, 2, 1 l 3 v − k3, 1, 5 l

 45. (a)  Let P be a point not on the line L that passes through the 
points Q and R. Show that the distance d from the point P  
to the line L is

d − | a 3 b |
| a |

  where a − QR
l

 and b − QP
l

.
 (b)  Use the formula in part (a) to find the distance from  

the point Ps1, 1, 1d to the line through Qs0, 6, 8d and 
Rs21, 4, 7d.

 46. (a)  Let P be a point not on the plane that passes through the 
points Q, R, and S. Show that the distance d from P to the 
plane is

d − | a ? sb 3 cd |
| a 3 b |

  where a − QR
l

, b − QS
l

, and c − QP
l

.
 (b)  Use the formula in part (a) to find the distance from the 

point Ps2, 1, 4d to the plane through the points Qs1, 0, 0d, 
Rs0, 2, 0d, and Ss0, 0, 3d.

 47.  Show that | a 3 b |2 − | a |2 | b |2 2 sa ? bd2.

 48.  If a 1 b 1 c − 0, show that

a 3 b − b 3 c − c 3 a

 49. Prove that sa 2 bd 3 sa 1 bd − 2sa 3 bd.

 50.  Prove Property 6 of cross products, that is,

a 3 sb 3 cd − sa ? cdb 2 sa ? bdc

 51. Use Exercise 50 to prove that

a 3 sb 3 cd 1 b 3 sc 3 ad 1 c 3 sa 3 bd − 0

 52. Prove that

sa 3 bd ? sc 3 dd − Z a ? c
a ? d

b ? c
b ? d Z

 32. Ps2, 23, 4d, Qs21, 22, 2d, Rs3, 1, 23d

33–34 Find the volume of the parallelepiped determined by the  
vectors a, b, and c.

 33. a − k1, 2, 3 l,  b − k21, 1, 2 l,  c − k2, 1, 4 l

 34. a − i 1 j ,  b − j 1 k,  c − i 1 j 1 k

35–36 Find the volume of the parallelepiped with adjacent edges  
PQ, PR, and PS.

 35. Ps22, 1, 0d,  Qs2, 3, 2d,  Rs1, 4, 21d,  Ss3, 6, 1d

 36. Ps3, 0, 1d,  Qs21, 2, 5d,  Rs5, 1, 21d,  Ss0, 4, 2d

 37.  Use the scalar triple product to verify that the vectors 
u − i 1 5 j 2 2 k, v − 3 i 2 j, and w − 5 i 1 9 j 2 4 k  
are coplanar.

 38.  Use the scalar triple product to determine whether the points 
As1, 3, 2d, Bs3, 21, 6d, Cs5, 2, 0d, and Ds3, 6, 24d lie in the 
same plane.

 39.  A bicycle pedal is pushed by a foot with a 60-N force as 
shown. The shaft of the pedal is 18 cm long. Find the magni-
tude of the torque about P.

10°

70°
60 N

P

 40. (a)  A horizontal force of 20 lb is applied to the handle of a 
gearshift lever as shown. Find the magnitude of the torque 
about the pivot point P.

 (b)  Find the magnitude of the torque about P if the same force 
is applied at the elbow Q of the lever.

0.6 ft

1 ft

2 ft

P

Q

0.6 ft

20 lb
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Solution: Replace this text with your solution. �

Exercise (12.4.43). If a·b =
√

3 and a×b = 〈1, 2, 2〉, find the angle between
a and b.

Solution: Replace this text with your solution. �

Exercise (12.4.45). (a) Let P be a point not on the line L that passes
through the points Q and R. Show that the distance d from the point
P to the line L is

d =
|a× b|
|a|

where a =
−→
QR and b =

−→
QP .
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(b) Use the formula in part (a) to find the distance from the point P (1, 1, 1)
to the line through Q(0, 6, 8) and R(−1, 4, 7).

Solution: Replace this text with your solution. �

Exercise (12.4.52). Prove that

(a× b) · (c× d) =

∣∣∣∣a · c b · c
a · d b · d

∣∣∣∣ .
Solution: Replace this text with your solution. �
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Exercise (12.5.50). Find the cosine of the angle between the planes x+ y+
z = 0 and x+ 2y + 3z = 1.

Solution: Replace this text with your solution. �

Exercise (12.5.63). Find an equation of the plane with x-intercept a, y-
intercept b, and z-intercept c.

Solution: Replace this text with your solution. �

Exercise (12.5.68). Which of the following four lines are parallel? Are any
of them identical?

L1 : x = 1 + 6t, y = 1− 3t, z = 12t+ 5

L2 : x = 1 + 2t, y = t, z = 1 + 4t

L3 : 2x− 2 = 4− 4y = z + 1

L4 : r = 〈3, 1, 5〉+ t〈4, 2, 8〉

Solution: Replace this text with your solution. �

Exercise (12.5.75). Show that the distance between the parallel planes ax+
by + cz + d1 = 0 and ax+ by + cz + d2 = 0 is

D =
|d1 − d2|√
a2 + b2 + c2

.

Solution: Replace this text with your solution. �

Exercise (12.5.77). Show that the lines with symmetric equations x = y = z
and x+ 1 = y/2 = z/3 are skew, and find the distance between these lines.

Solution: Replace this text with your solution. �
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Exercise (12.6.42). Use a computer with three-dimensional graphing soft-
ware to graph the surface x2−6x+4y2−z = 0. Experiment with viewpoints
and with domains for the variables until you get a good view of the surface.

Solution: Replace this text with your solution. �

Exercise (12.6.46). Find an equation for the surface obtained by rotating
the line z = 2y about the z-axis.

Solution: Replace this text with your solution. �

Exercise (12.6.48). Find an equation for the surface consisting of all points
P for which the distance from P to the x-axis is twice the distance from P
to the yz-plane. Identify the surface.

Solution: Replace this text with your solution. �

Exercise (12.6.50). A cooling tower for a nuclear reactor is to be constructed
in the shape of a hyperboloid of one sheet. The diameter at the base is 280
m and the minimum diameter, 500 m above the base, is 200 m. Find an
equation for the tower.

Solution: Replace this text with your solution. �

Exercise (12.6.52). Show that the curve of intersection of the surfaces x2 +
2y2 − z2 + 3x = 1 and 2x2 + 4y2 − 2z2 − 5y = 0 lies in a plane.

Solution: Replace this text with your solution. �
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